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Abstract. The propagation of a weak probe field in a four-level N-type quantum system in the 
presence of spontaneously generated coherence (SGC) is theoretically investigated. The optical 
properties of the system are studied and it is shown that the group velocity of light pulse can be 
controlled by relative phase of applied fields. By changing the relative phase of applied fields, the 
group velocity of light pulse changes from transparent subluminal to the transparent superluminal 
light propagation. Thus, the phase-controlled absorption-free superluminal light propagation is 
obtained without applying an incoherent laser fields to the system. The propagation of a weak 
probe light pulse is studied by solving the Maxwell’s wave equation on numerical grid in space and 
time. Moreover, we study the third order self- and cross-Kerr susceptibility of probe field and 
calculate the nonlinear cross-phase shift for different values of intensity of applied fields. In 
addition, we take into account the effect of Doppler broadening on the light pulse propagation and 
it is found that a suitable choice of laser propagation directions allows us to preserve our results 
even in the presence of Doppler effect. It is demonstrated that by increasing the Doppler width of 
distribution to the room temperature, the dispersion changes from transparent subluminal to 
transparent superluminal light propagation which is our major motivation for this work. 
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I. INTRODUCTION 
Atomic coherence plays a key role in modification and controlling the optical properties of quantum 
systems in atom-field interaction. It can be generated by applying the coherent laser fields to the quantum 
systems or by quantum interference due to the spontaneous emission. One of the interesting applications 
of atomic coherence is that it modifies light pulse propagation through the dispersive medium such as 
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slow or fast light which it has a major role in implementation of quantum information processing and in 
all-optical communication system. 
The original idea of group velocity was introduced by W. R. Hamilton at 1839 [1]. Lord Rayleigh 
proposed the group velocity concept instead of phase velocity for propagation of light pulse inside a 
medium at the end of 19th century and then developed the theory of anomalous dispersion [2]. In his study 
the group, energy and signal velocities have used as unrecognizable concept. The problem he faced, was 
the theory of relativity [3], however it was subsequently solved by Sommerfeld and Brillouin [4].  
It is well known that the velocity of pulse peak in an anomalous dispersive medium can exceed the speed 
of light in vacuum, leading to the superluminal light propagation. The phenomenon of propagation with 
negative group velocity was theoretically predicted by Garrett and McCumber [5] and experimentally was 
first performed by Chu and co-workers using a correlation technique [6]. However, such phenomena 
cannot transmit the information with a velocity faster than the speed of light in vacuum and it does not 
violate Einstein’s special theory of relativity [7-9].  
Experimental and theoretical studies on controlling the group velocity of light pulse inside different 
material has been extensively studied [10-13]. It was demonstrated that switching from subluminal to 
superluminal pulse propagation can be controlled by the intensity or relative phase of applied fields [14-
17]. The quantum interference due to the spontaneous emission, i.e. spontaneously generated coherence 
(SGC) [18] is another technique for controlling the optical properties of systems [19-21].  
The gain-assisted superluminal light propagation was first observed experimentally by Wang et al [12]. It 
was also shown that such light propagation can be obtained in coupled optical resonators [22], the four-
level quantum system [23] and in five-level dressed interacting ground-state system [24]. An ideal 
condition for light propagation is a region in which the system does not show the absorption or gain of the 
probe field. This is due to the fact that the large absorption in the system does not permit the pulse 
propagates inside the medium. On the other hand, the gain may add some noise to the system.  
The optical properties of N-type four-level quantum system have been extensively studied. The theoretical 
and experimental results of researches were reported in several papers [25-28]. The stimulated emission 
and multi-peaked absorption in a four-level N-type atomic system were also investigated and it was shown 
that in the absence of SGC, changing the intensity of applied fields switches the slope of dispersion from 
positive to negative [29]. The effect of SGC on the optical properties of N-type system was also 
investigated [30-32]. Recently the phase control of probe response in a Doppler-broadened four-level N-
type system in the presence of SGC was reported [33]. They have shown that in the presence of SGC, the 
optical properties of such system are phase-dependent. In this paper, we investigate the optical light pulse 
propagation through a four-level N-type system and we show that, by choosing the suitable set of 
parameters, the gain-assisted transparent superluminal light propagation can be established in this system. 
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The possibility of such propagation is investigated by numerical solving the Maxwell’s wave equation for 
a probe pulse field. In addition, we investigate the effect of the third order nonlinear susceptibility on the 
nonlinear phase shift of a probe field.  Moreover, it is demonstrated that by taking into account the effect 
of SGC, the slope of dispersion can be changed from positive to negative, just by changing the relative 
phase of applied fields which is another important motivation of this work. Finally, we include the effect 
of Doppler broadening on the light pulse propagation and it is shown that by increasing the Doppler width 
of distribution to the room temperature, the dispersion changes from transparent subluminal to transparent 
superluminal light propagation. Our results can be preserved, even in the presence of Doppler effect, by 
the same propagation direction of applied fields (co propagating).          
 
II. MODEL AND EQUATIONS 
Our interesting system is a four-level N-type atomic system which is shown in figure 1. In our study, we 
consider four dipole-allowed transitions:
 
,3|1| >−> ,3|2| >−> >−> 4|1|  and >−> 4|2| . The direct 
transitions >−> 2|1|  and >−> 4|3|  are dipole forbidden. The transition >−> 3|2| of frequency 32ω is 
coupled by a coupling field .].)exp([ ccti c +−= ωcc Eε  with Rabi frequency 
)exp()2/(.32 cccc iEµ φΩ==Ω h . A coherent pumping field .].)exp([ ccti sss +−= ωEε  with real Rabi 
frequency )2/(.41 hss Eµ=Ω  excites the transition >−> 4|1| . The transition >−> 3|1|  of frequency 31ω  
is driven by a weak probe field .].)exp([ ccti ppp +−= ωEε  with Rabi 
frequency )exp()2/(.31 pppp iEµ φΩ==Ω h . In our notation, the parameter jeiij rµ −=  is the dipole 
matrix element of >−> ji ||  transition.  
As a realistic example, we consider hyperfine levels of Rb85  which is shown in figure 1. The transition 
3,52,5 '2/12/1 =→= FPFS   is coupled by a probe field. The coupling field couples the 
transition 3,53,5 '2/12/1 =→= FPFS . Both transitions can be excited by a diode laser at the 
frequency nm795 . The pumping field also couples the transition 4,52,5 '2/32/1 =→= FPFS which can be 
provided by a Ti: sapphire laser [31]. 
The Hamiltonian of the system in dipole and rotating wave approximation is given by: 
..|23|)exp(|13|)exp(|14|)exp( cHtititiH ccppss +><+><+><= ∆Ω∆Ω∆Ω  ,                              (1) 
where 41ωω −= ss∆ , 32ωω −= cc∆  and 31ωω −= pp∆ are the detuning of pumping, coupling and probe 
fields, respectively. 
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Using the Von Neumann equation for density matrix, ],[ ρρ Hi =&h , the equations of motion in the 
rotating-wave approximation and in rotating frame are given by  
 
,
~~~~~~~
144113314441333111 ρρρρργργρ sspp iiii Ω−Ω+Ω−Ω++=&  
,
~~~~~
23324442333222 ρρργργρ cc ii Ω−Ω++=&  
,
~~~~~)(~ 3223311333323133 ρρρρργγρ ccpp iiii Ω−Ω+Ω−Ω++−=&  
,
~~~)(~ 411444424144 ρρργγρ ss ii Ω−Ω++−=&  
),exp(~
)exp(~~~~~)(~
44224241
331132311342321212
φρηγγ
φρηγγρρρρρ
ip
ipiiii cspcp ++Ω−Ω+Ω+∆−∆−=&
 
),~~(~~~]2/)[(~ 1133124313323113 ρρρρργγρ −Ω+Ω−Ω+∆++−= pcsp iiii&  
),~~(~~]2/)[(~ 11443414424114 ρρρργγρ −Ω+Ω+∆++−= sps iii&  
),~~(~~]2/)[(~ 22332123323123 ρρρργγρ −Ω+Ω−∆++−= cpc iii&  
,
~~~)](2/)[(~ 213424424124 ρρργγρ sccps iii Ω−Ω+∆+∆−∆++−=&
 
,
~~~~)](2/)[(~ 312414344241323134 ρρρργγγγρ scpps iiii Ω−Ω+Ω+∆−∆++++−=&
             
                    (2) 
where 1~~~~ 44332211 =+++ ρρρρ .  The rotating frame, considered here, is defined by 
,
~
,
~
,
~
,
~
4444333322221111 ρρρρρρρρ ==== ,~
)]()[(
1212
pctpcie
φφρρ −+∆−∆−= ,~ )(1313 pp
ti
e
φρρ +∆=  
,
~
1414
ti se ∆−= ρρ ,~ )(2323 cctie φρρ +∆−= ,~
)]()[(
2424
pctpscie
φφρρ −+∆−∆+∆−= ])[(3434~ p
tpsie
φρρ −∆−∆=
.                       (3) 
 Here mnγ  is the spontaneous decay rate from level >m| to level >n| . The parameter cp φφφ −=  shows 
the relative phase of Probe and coupling fields. The spontaneous decays from level >2|  ( >4| ) to level 
>1|  ( >3| ) is ignored. We assume that levels >1|  ( >3| ) and >2|  ( >4| ) are so closely that both of 
decay channels from upper level >3|  ( >4| ) to the lower levels are interacting with the same vacuum 
mode and then the SGC is established. The terms containing 33113231 ~ρηγγ p  and 44224241 ~ρηγγ p   show 
such quantum interference. Note that for nearly degenerate lower levels, i.e., 3231 ωω ≅  ( 4241 ωω ≅ ), 
quantum coherence becomes important and then 1)( 21 =ηη . However for large values of lower levels 
spacing, the effect of quantum interference may be dropped and then 0)( 21 =ηη . The parameter 
323132311 /. µµµµ≡p  ( 424142412 /. µµµµ≡p ) depends on the alignment of the two dipole moments 
31µ ( 41µ ) and 32µ ( 42µ ). When the two dipole moments are parallel, the effect of quantum interference is 
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maximum and 1)( 21 =pp  whereas for the orthogonal dipole moments there is no interference due to 
spontaneous emission and 0)( 21 =pp . 
When ,0=∆=∆ pc  ,21 ηηη ==  ppp == 21 and == 3231 γγ γγγ == 4241 , the analytical expressions for 
probe, coupling and pumping transition coherences in weak probe field approximation are given by 
,
)4(
)(
~
432
210
2
10
31
pppp
pc
idddd
aai
∆+∆−∆+∆+
ΩΩ+
=
γ
γ
ρ                                                                             (4-a) 
,
~
2
32 d
i cs ΩΩ
=
γρ                                                                                                                         (4-b) 
,
~
2
41 d
i sc ΩΩ
=
γρ                                                                                                                       (4-c) 
where  
),32(2 2222230 ppscsci iepa ∆−∆+Ω−Ω+ΩΩ= γγη φ  
],)32()32([ 32222221 ppspsc iia ∆−∆−Ω+∆Ω−Ω+= γγγγ  
),(4 22222 cscsd Ω+Ω+ΩΩ= γ  
),(2)( 2222220 csscd Ω+Ω+Ω−Ω= γ  
)],(2[2 2221 csid Ω+Ω+= γγ  
)(25 2222 csd Ω+Ω+= γ . 
The first term in the numerator of eq. (4-a) is proportional to ciep Ωφη and represents the scattering of 
coupling and pumping fields into the probe field via quantum interference due to the spontaneous 
emission. This round-trip depends on the relative phase of applied fields. Such scattering processes of the 
coupling and pumping fields into the probe field mode can occur even in the absence of the probe field. 
But in the absence of quantum interference due to the spontaneous emission, this term does not make a 
contribution in the probe susceptibility and consequently the response of the system to the probe field does 
not depend on φ . The second phase-independent term in the numerator of Eq. (4-a), which is proportional 
to pΩ , represents the direct response of the medium to the probe field at the probe field frequency. 
Our main observable quantity is the response of the atoms to the probe field which can be obtained via 
susceptibility. The susceptibility of the weak probe field is determined by the probe transition 
coherence 31~ρ . In the following, we discuss the response of the atomic system to the applied field by 
defining the susceptibility, χ , as [34]  
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31
0
31 ~2 ρ
ε
µχ
pE
N
= .                                                                                                                                (5) 
Here N is the atom number density in the medium, and χχχ ′′+′= i . The real and imaginary parts 
of χ correspond to the dispersion and the absorption of the weak probe field, respectively. For probe 
transition, the transition rate and dipole moment are MHz74.52 ×= piγ  and mC.1053.2 2913 −×=µ , 
respectively. Then the atom density 311 /1023.5 cmatomN ×= and probe Rabi frequency γ01.0=Ω p , lead 
to 1/2 013 ≅pN Εεµ . 
The group velocity of the weak probe field is then given by [34] 
g
p
p
pp
g
n
cc
v =
∂
′∂
+′+
=
ω
ωχ
piωωχpi )(2)(21
,                                                                                           (6) 
where c is the speed of light in the vacuum, )( pωχ ′ is the real part of χ , and gn shows the group index. 
Equation (6) implies that, for a negligible absorption, the group velocity can be significantly reduced via a 
steep positive dispersion. Moreover, the strong negative dispersion can increase the group velocity to 
establish even a negative group velocity. 
 
III. RESULTS AND DISCUSSIONS 
In the first step, we ignore the effect of SGC, i.e. 0)( 21 =ηη and present the numerical results of equations 
(2). We study the dispersion and absorption in a four-level N-type quantum system. In our notation 
if 0<′′χ , the system exhibits gain for the probe field, while for 0>′′χ , the probe field is attenuated. 
Figure 2 shows the dispersion (a) and absorption (b) behavior of the probe field versus probe field 
detuning for different values of pumping field. The selected parameters are == 3231 γγ γγγ == 4241 , 
021 ==ηη , γ01.0=Ω p , 0== cs ∆∆ , γ12.0=Ωc , γ6.0=sΩ (Solid), γ82.0 (Dashed), γ (Dotted). 
An investigation on figure 2 shows that for small values of pumping Rabi frequencies, the slope of 
dispersion is positive and the absorption doublet with an electromagnetically induced transparency (EIT) 
window appears in the absorption spectrum around zero probe detuning. By increasing the intensity of 
pumping field the slope of dispersion switches from positive to negative, corresponding to the 
superluminal light propagation. The peaks in absorption spectrum in figure 2(b) are explained via dressed 
states of atom-field Hamiltonian. Such results are in good agreement with the results of reference [29]. It 
is worth noting that by increasing the intensity of pumping field, the EIT absorption doublet changes to 
the EIT gain doublet. Then the light pulse propagates without any absorption or amplification which is an 
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interesting situation for non-disturbed information transmission. Note that one-photon resonance condition 
i.e. 0== cs ∆∆  is necessary to establish the EIT window and equal decay rates assumption, i.e. 
== 3231 γγ  γγγ == 4241 is necessary condition to guarantee that the changing the intensity of applied 
fields does not modify the EIT window.  
Our analytical calculation shows that the subluminal and superluminal regions via the Rabi frequency of 
coupling and pumping fields, around zero probe detuning, is determined by a hyperbola relation, 
1
22
3
2
2
2
2
=
Ω
−
Ω
γγ
cs
,                                                                                                                             (7) 
which is plotted in figure 3. The superluminal region is shown by dark color.  
In figure 4(a), we display the group index, 1−
gv
c
, versus probe field detuning for γ6.0=sΩ (Solid), 
γ82.0  (Dashed), γ (Dotted). Other parameters are same as in figure 2. It can be realized that for 
γ6.0=sΩ  the group index around 0=∆ p  is positive, corresponding to the subluminal light propagation. 
For γ82.0=sΩ  the group index around 0=∆ p  is zero and the group velocity is equal to the speed of 
light in vacuum. By increasing the intensity of pumping field to γ=sΩ , the group index becomes 
negative corresponding to the superluminal light propagation and group velocity reaches smvg /1058−=  
around zero probe detuning. 
Our theoretical study in this paper focuses on the analysis of the frequency transmission profile and the 
group velocity deduced from this profile. Such an analysis does not take into account the pulse distortion 
which can limit the possibility of an experimental observation the transition between slow and fast light 
effects. It is well known that changing in the pulse shape can be minimal in a transparent, linear 
anomalously dispersive medium; however, in absorption or gain lines the output pulse was slightly 
compressed [6, 12, 35]. Group velocity dispersion (GVD) -the frequency dependence of group velocity in 
a medium- has a major role in distortion of light pulse during its propagation through the transparent 
medium [36]. It is determined by the second derivation of susceptibility. In figure 4 (b), we show the GVD 
versus probe field detuning for γ6.0=sΩ (Solid), γ82.0  (Dashed), γ (Dotted). Other parameters are 
same as in figure 4(a). It can be seen that the GVD is negligible around zero probe detuning. 
Now, we are taking into account the effect of SGC, i.e. 0)( 21 ≠ηη  on the optical properties of system. In 
the presence of SGC, the equations (2) depend on the relative phase of applied field via quantum 
interference terms. Then the optical properties of the system depend on the relative phase, φ . In figure 5, 
we show the dispersion (a) and absorption (b) of the probe field versus the probe detuning. Using 
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parameters are ,42.1 γ=sΩ ,12.0 γ=Ωc 0== cs ∆∆ , ,9.021 ==ηη  ,7.021 == pp  ),(0 Solid=φ  
)(dashedpi . Figure 5 shows that the slope of dispersion around zero detuning for 0=φ is positive and it 
is accompanied by an EIT window in absorption doublet. By switching the relative phase to piφ = , the 
slope of dispersion changes from positive to negative, corresponding to the superluminal light 
propagation. Moreover, the EIT window in absorption doublet changes to the EIT in gain doublet. Then, 
by changing the relative phase, the transparent subluminal light propagation switches to the transparent 
superluminal light propagation.   
The corresponding group indexes versus the probe detuning for 0=φ (solid) and )(dashedpiφ =  are 
shown in figure 6(a). The other parameters are same as in figure 5. The group index for 0=φ (solid) is 
positive while for piφ = (dashed) becomes negative, corresponding to the superluminal light propagation. 
The related GVD versus the probe detuning for 0=φ (solid) and )(dashedpiφ =  are shown in figure 6(b). 
Because of negligible GVD around zero probe detuning, the probe pulse will propagate without any 
distortion in sub- or superluminal regions. Thus our results are more applicable only around zero probe 
detuning in the frequency regions with a linear dispersion which the shape of the pulse is preserved. This 
applies a limitation on the duration of light pulses which can propagate with reasonable distortion for a 
large advancement in light pulse propagation. 
In the presence of SGC, the creation of EIT window depends on the intensity of applied fields. Our 
analytical calculations show that for ηηη == 21 , ppp == 21 , == 3231 γγ  γγγ == 4241  and 
0== cs ∆∆ , the necessary condition to establish the EIT window (absorption or gain) is that the Rabi 
frequency of coupling and pumping fields satisfy the following hyperbola relation, 
1
22 2
2
2
2
=
Ω
−
Ω
γγ
cs
.                                                                                                                               (8) 
Using parameters in figure 5 and figure 6 satisfy the condition (8). If the condition (8) is not satisfied, the 
system may show the absorption (gain) for )(0 piφ =  around the zero detuning.  
In order to study the propagation properties of a probe field in the medium along the propagation direction 
of the z  axis, the following Maxwell’s wave equation in the slowly-varying-envelope approximation 
(SVEA) should be solved  
),(
2
),(1),(
0
tz
c
i
t
tz
cz
tz
p
ppp Ρ=
∂
Ω∂
+
∂
Ω∂
ε
ω
,                                                                                           (9) 
where 3131 ~),( ρµNtzp =Ρ  is the macroscopic coherent polarization of the probe transition. We take the 
Rabi frequency of probe pulses as ),(),( 0 tzftz pp Ω=Ω  where 0pΩ  is a real maximal value of Rabi 
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frequency and ),( tzf is dimensionless normalized pulse shape function. By applying the change of 
variables according to the relations z=ξ and czt /−=τ , the equation (9) can be written in the form 
),(~)(
),(
310
31 τξργ
αξ
τξ
p
if
Ω
=
∂
∂
,                                                                                                                (10) 
where 
310
2
31
4 γε
µω
α
c
N p
h
= . The optical Bloch equations (2) for the density matrix elements will also be the 
same upon substituting ξ→z  and τ→t . We numerically solve the set of equations (2) and (10) on the 
space-time grid using finite difference method for the initial condition that the atoms are in level 1 . It is 
assumed that the probe field is a Gaussian-type pulse, ]/)30)(2(exp[),0( 22 pLnf τττξ −−==  with pulse 
length 31/5 γτ =p  at the beginning of the atomic cell.  
Figure 7 displays the temporal evolution of the magnitude squared of the normalized probe pulse envelope 
2),( τξf at the entrance to the medium 0=αξ  (solid) and the exit of medium 10=αξ (dashed) and 
20=αξ (dotted) for ),(),,(0 dbca piφ = . We put ),(3.0),,(0 dcbap γ=∆ , the other using parameters are 
same as in figure 5. It can clearly be shown that for ),(0.0 bap =∆ the probe pulse propagate with almost 
transparency and still preserve its shape during propagation through the medium. However, for 
),(3.0 dcp γ=∆   the probe pulse is attenuated (amplified) during its propagation through the medium for 
)(0 piφ = which are in good agreement with the results reported in figure 5.   
The self-and cross-phase modulation due to the third order nonlinearity can affect the relative phase of 
applied fields during its propagation in the medium.  We are interested to calculate the self- and cross-
phase modulation of the probe, coupling and coherent pumping fields. The susceptibility of the probe and 
coupling fields are given by 
2),,3(2),,3(2),3()1(31
0
2
31
~
c
cXPM
ps
sXPM
pp
SPM
pp
p
p EEE
N χχχχρ
ε
µχ +++≈
Ω
=
h
 
2),,3(2),,3(2),3()1(32
0
2
32
~
p
pXPM
cs
sXPM
cc
SPM
cc
c
c EEE
N χχχχρ
ε
µχ +++≈
Ω
=
h
                                         (11) 
where we have introduced the linear susceptibility ( ))1()1( cp χχ ,  third order self-Kerr susceptibility 
( )),3(),3( SPMcSPMp χχ  and third order cross-Kerr susceptibility ( )),3(),3( XPMcXPMp χχ  of  probe (coupling) 
field. According to the equations (4) the different self- and cross-phase modulation terms can be written as  
,0),,3(),3(),,3(),3( ==== pXPMc
SPM
c
sXPM
p
SPM
p χχχχ  
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3
2
32
2
31),,3(
pppp
cXPM
p idddd
aiN
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γ
γ
ε
µµχ
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.
4 0
3
2
41
2
32),,3(
d
iNsXPM
c
γ
ε
µµχ
h
=                                                                                                          (12) 
Note that ),,3( sXPMcχ is pure imaginary and does not make a contribution in nonlinear phase shift during its 
propagation through the medium. Moreover, ),,3( cXPMpχ is also pure imaginary around zero-probe detuning 
and it seems that the nonlinear cross-phase shift is negligible in one-photon resonance condition of applied 
fields. However, for the Gaussian probe and coupling pulses, solving the propagation equations gives the 
nonlinear cross-phase shift npφ [37]  
[ ]),,3(2
32
202
Re
)(2
cXPM
p
p
pcpn
p
c
erfl
χ
ςµ
ςωφ Ω= h                                                                                          (13) 
where )/(]2)/1[( cpgcgpgp vlvv τς −= . The parameters 0cΩ  and cτ  show the peak Rabi frequency and time 
duration of coupling field, respectively. l is the length of medium and )( perf ς  represents the error 
function.  
In figure 8 we plot the nonlinear phase shift of probe field induced by coupling field versus the probe 
detuning. Using parameters are ,1mml =  ,12.00 γ=Ωc ,10237 13 Hzcp ×== ωω  ,3132 µµ = ,/5 γτ =c  
)(),(82.0),(6.0 dotteddahedsolids γγγ=Ω . Other parameters are same as in figure 5. We find that the 
maximum nonlinear phase shift value can be controlled by the intensity of applied field. Moreover, a 
negligible maximum nonlinear phase shift value ( piφ 004.0±=np ) is obtained for our interested parameters.   
Finally, we investigate the influence of Doppler broadening on the obtained results. The effect of Doppler 
broadening due to the atom’s thermal velocity v  can be included by replacing the p∆ , c∆  and s∆  by 
vk .pp −∆ , vk .cc −∆  and vk .ss −∆ , respectively. The parameters pk , ck  and sk  are the wave vector 
of probe, coupling and pumping fields. It is assumed that all laser fields are co-propagating in same 
direction, i.e.  kkkk === scp . Moreover, we use a Maxwellian velocity distribution, 
[ ]22 /exp
2
1)( Dv
D
vf −=
pi
,                                                                                                         (14) 
 to average our results for absorption, dispersion and group velocity. The parameter mTkD B /2= shows 
the Doppler width of distribution.  Then the total susceptibility of the probe field is given by 
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 dvvvf pp ),(~)()(~ 3131 ∆=∆ ∫
∞
∞−
ρρ .                                                                                                         (15) 
By including the Doppler broadening, the total susceptibility shows different behaviors for two subluminal 
and superluminal regions, which have been determined by equation (7) for rest atoms. Figure 9 illustrates 
the dispersion (solid), absorption (dashed) of probe field for different values of Doppler width, i.e. 
)(akD γ= , )(10 bγ , )(50 cγ . Other parameters are same as the solid lines in figure 2 which satisfy the 
subluminal region shown in figure 3. Our numerical results show that, interestingly, by increasing the 
Doppler width of distribution the slope of dispersion switches from positive to negative. Then the 
transparent subluminal switches to the transparent superluminal light propagation, accompanied by a sub-
natural structure in absorption spectrum.  Recently, it was shown that the Doppler effect can induced 
extremely narrowed sub-natural structure [27], however such switching has not been reported.  The 
behavior of group index versus Doppler width is shown in figure 10. When the Rabi frequency of the 
applied fields satisfies the subluminal region, the small values of Doppler width impose a positive group 
index, while by increasing the Doppler width to the room temperature ( γ50≈kD ) the group index 
becomes negative. Then the group velocity of light pulse can be controlled by the temperature of the 
medium.  
The physical origin of phenomena can be understand via velocity-dependent dressed states eigenvalues 
which are given by [27] 
 




 Ω+−∆±+∆−=±
22 4)(5.0 cccc kvkvλ  




 +−±+−=±
22 4)(5.0 ssss kvkv Ω∆∆λ .                                                                                   (16) 
According to relations (16), the position of the absorption peaks depend on the velocity of atoms. In figure 
11, we display the absorption spectrum for atoms with different velocities. In left column, we plot the 
absorption spectrum, )(vχ ′′ , for ),(25.0 akv γ±=  )(5),(5.2 cb γγ ±± . The absorption spectrum for 
positive (negative) velocity is shown by dashed (dotted) lines. In right column, we show the average 
absorption, 2/)]()([ vv −′′+′′ χχ , for ),(25.0 dkv γ= )(5),(5.2 fe γγ . It can be found that the atoms with 
small velocities impose absorption doublet and the slope of dispersion becomes positive around zero 
probe detuning. However, by increasing the velocity of atoms a sub-natural gain doublet is established 
around zero probe detuning. Thus, for small values of Doppler width, the atoms with small velocity have 
major contribution in the velocity averaging of optical properties. By increasing the Doppler width, the 
contribution of atoms with bigger velocity becomes dominant and then a gain doublet will result in the 
velocity averaging of absorption spectrum.   
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The situation is completely different for superluminal region mentioned by dark color in figure 3. Figure 
12 shows the average velocity of dispersion (solid) and absorption (dashed) of probe field for different 
values of Doppler width, i.e. )(akD γ= , )(10 bγ , )(50 cγ . Other parameters are same as the dotted lines 
in figure 2 which satisfy the superluminal region shown in figure 3. Our numerical results show that the 
transparent superluminal light propagation is not affected by the Doppler broadening.  Moreover, by 
increasing the Doppler width of distribution to the room temperature, the extremely narrowed sub-natural 
structure is established in absorption spectrum and the slope of dispersion becomes much steeper, leading 
to the faster light propagation.    
In figure 13, we plot the dispersion (solid) and absorption (dashed) by taking into account both SGC and 
Doppler effects for different values of Doppler width, i.e. ),( bakD γ= , ),(10 dcγ , ),(50 feγ . The left 
(right) column is plotted for )(0 piφ = . Other parameters are same as in figure 5. An investigation on 
figure 13 shows that the Doppler broadening cannot disturb the phase-dependent subluminal and 
superluminal light propagation. However, by increasing the Doppler width, pulse distortion and absorption 
(gain) appears slightly in subluminal (superluminal) region. 
IV. CONCLUSION 
In conclusion, the light pulse propagation was investigated in a four-level N-type quantum system. It was 
also shown that, in the presence of SGC, the optical properties of the system are phase-dependent and just 
by changing the relative phase of applied fields, the group velocity of light pulse switches from 
transparent subluminal to the transparent superluminal light propagation.  Numerical solving of Maxwell’s 
wave equation by finite difference approach confirmed that the probe pulse field can propagate in 
subluminal and superluminal regions with almost transparency and still preserve its shape during 
propagation through the medium. In addition, we calculated the third order self- and cross-Kerr 
nonlinearity and obtained a negligible nonlinear cross-phase shift of probe field for our interested system.   
By including the Doppler effect, it was demonstrated that increasing the Doppler width of velocity 
distribution to the room temperature changes the dispersion from the transparent subluminal to the 
transparent superluminal light propagation. Moreover, it is found that the co-propagating laser propagation 
directions allow us to preserve our results even in the presence of Doppler effect.          
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Figure captions  
FIGURE 1. Schematic energy diagram of a four-level N-type atomic system driven by probe ( pΩ ) , 
coupling ( cΩ ) and pumping ( sΩ ) fields. Proposed system is established in the hyperfine levels of Rb85 .  
 
FIGURE 2. Dispersion (a) and absorption (b) behavior of the probe field versus probe field detuning for 
different values of pumping field. The selected parameters are == 3231 γγ γγγ == 4241 , 
MHz74.52 ×= piγ , ,10237 13 Hzp ×=ω 021 ==ηη , γ01.0=Ω p , 0== cs ∆∆ , γ12.0=Ωc , 
γ6.0=sΩ (Solid), γ82.0 (Dashed), γ (Dotted). 
 
FIGURE 3. Subluminal and superluminal regions via the Rabi frequency of coupling and pumping fields, 
around zero probe detuning. The dark color shows the superluminal region. 
 
FIGURE 4. Group index, 1−
gv
c (a) and group velocity dispersion (b) versus probe field detuning for 
γ6.0=sΩ (Solid), γ82.0  (Dashed), γ (Dotted). Other parameters are same as in figure 2. 
 
FIGURE 5. Dispersion (a) and absorption (b) of the probe field versus the probe detuning in the presence 
of SGC. Using parameters are ,9.021 ==ηη ,7.021 == pp  ,0== cs ∆∆  ,42.1 γ=sΩ  
,12.0 γ=Ωc )(),(0 dashedSolid piφ = . 
 
FIGURE 6. Group index (a) and group velocity dispersion (b) versus the probe detuning for 0=φ (solid) 
and )(dashedpiφ = . Using parameters are same as in figure 5. 
 
FIGURE 7. The temporal evolution of the magnitude squared of the normalized probe pulse envelope 
2),( τξf at the entrance to the medium 0=αξ  (solid) and the exit of medium 10=αξ (dashed) and 
20=αξ (dotted) for )(),(0 ba piφ = . It is assumed that the probe field is a Gaussian-type pulse, 
]/)30)(2(exp[),0( 22 pLnf τττξ −−==  with pulse length 31/5 γτ =p  at the beginning of the atomic cell. 
Other using parameters are same as in figure (5). 
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FIGURE 8. Non-linear phase shift of the probe field induced by coupling field versus the probe detuning. 
Using parameters are ,1mml =  ,12.00 γ=Ωc ,10237 13 Hzcp ×== ωω  ,3132 µµ = ,/5 γτ =c  
)(),(82.0),(6.0 dotteddahedsolids γγγ=Ω . Other parameters are same as in figure 5. 
 
FIGURE 9. Dispersion (solid), absorption (dashed) of probe field versus the probe detuning for different 
values of Doppler width, i.e. )(akD γ= , )(10 bγ , )(50 cγ . Other parameters are same as the solid lines in 
figure 2. 
 
FIGURE 10. The behavior of group index versus Doppler width. Other using parameters are same as the 
solid lines in figure 2. 
 
FIGURE 11. Absorption spectrum for atoms with different velocities. Left column is the absorption 
spectrum, )(vχ ′′ , for ),(25.0 akv γ±=  )(5),(5.2 cb γγ ±± . Right column shows the average absorption, 
2/)]()([ vv −′′+′′ χχ , for ),(25.0 dkv γ= )(5),(5.2 fe γγ . Other parameters are same as the solid lines in 
figure 2. 
 
FIGURE 12. Velocity average of dispersion (solid) and absorption (dashed) of probe field versus the 
probe detuning for different values of Doppler width, i.e. )(akD γ= , )(10 bγ , )(50 cγ .  Other parameters 
are same as the dotted lines in figure 2. 
 
FIGURE 13. Dispersion (solid) and absorption (dashed) of probe field versus the probe detuning in the 
presence of both SGC and Doppler effects for different values of Doppler width, i.e. ),( bakD γ= , 
),(10 dcγ , ),(50 feγ . The left (right) column is plotted for )(0 piφ = . Using parameters are same as in 
figure 5. 
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